Recent progress in cooling and trapping of polarized clouds of chromium 52 Cr, dysprosium 164 Dy and erbium 168 Er opens a road-map to quantum systems where shapes of inter-particle interactions can be customized. The main purpose of this work is to get a deeper insight on a role which the overall shape of the inter-particle interaction plays in a context of trapped ultra-cold bosons. We show that strong inter-particle repulsion inevitably leads to multi-hump fragmentation of the ground state. The fragmentation phenomenon is universal -it takes place in traps of different dimensionality and topologies and for very broad classes of repulsive inter-particle potentials. The physics behind is identified and explained. Nowadays, dilute ultra-cold atomic/molecular clouds are considered as toolboxes to probe static and dynamical properties of many-particle Hamiltonians [1] [2] [3] . Consequently, some phenomena which are very difficult or even impossible to study in their natural appearance/environment can explicitly be reconstructed and modeled in the ultra-cold atomic systems. However, until recent times one substantial ingredient was missed -a control on the overall shape of inter-particle interactions.
as in optical lattices, the system can be multi-fold fragmented, see in this respect the famous Mott-insulating phases [13] . Complimentary, modulations of density profiles and loss of an inter-particle coherence can be caused by strong repulsive inter-particle interaction. In one-dimensional systems with contact inter-particle interactions it originates to the famous fermionization phenomenon [14, 15] for inter-boson interactions of other shapes -to solidlike states see, e.g. Coulomb bosons [16] and dipolar (screened Coulomb-like) bosons [17] .
In two-dimensions strong repulsion is predicted to be responsible for so-called crystallization [8, 9] -appearances of stable rims in the density profiles and/or its partial factorization into multi-hump structures, see e.g. Refs. [18, 19] .
The main goal of the present work is to investigate the microscopic details of how repulsive inter-particle potentials create the non-trivial features (humps) in the densities of ultra-cold systems confined in simple barrier-less traps. We also want to understand which characteristic of a general inter-particle interaction function favors these density modulations and controls, thereby, the accompanying developments of correlations and fragmentation.
Let us consider a generic many-body Hamiltonian of N identical bosons trapped in an external trap potential V (r) and interacting via general inter-particle interaction potential: To start with we consider several one-dimensional barrier-less traps: a standard harmonic V (x) = 0.5x 2 , a non-harmonic V (x) = 0.5x 6 and asymmetric linear V (x) = {−x : x < 0; 3x/4 : x ≥ 0}. We examine the following inter-particle interaction functions:
exponential exp − To solve the respective many-boson Schrödinger equation numerically we use the recently developed Multi-Configurational Time-Dependent Hartree method for Bosons (MCTDHB) [20, 21] , see [22] for more details. This method is capable of providing numerically-exact solutions [23] .
The left panels of Fig. 1 plot the ground-state densities obtained for one-dimensional systems with 1/R, sech [R], exp [−R] inter-particle interaction functions of different widths (ranges) confined in different traps. The main fascinating observation is that irrespective to the shapes of inter-particle and trapping potentials used a strong enough inter-particle Middle panels: harmonic trap and Sech-shaped interactions with D = 4 and λ 0 = 1.0, n = 1 (b), n = 2 (e). Lower panels: non-harmonic trap and exponential inter-particle interactions with D = 3 and λ 0 = 1.5, n = 1 (c), n = 2 (f). Inter-particle interaction potentials with sharper edges (n = 2) enhance fragmentation, see text for details. All quantities shown are dimensionless.
repulsion leads to formation of the multi-hump localized structures and, therefore, indicates on possible correlations/fragmentation in the systems.
To shed more light on what characteristic parameters of the inter-particle interaction function drive and control the number of humps and correlations/fragmentation we have computed the ground-states' properties of the same systems as above, but with sharper
The results presented in the right panels of Fig. 1 show that for sharper versions of the inter-particle interactions the multihump structures are retained and become even more pronounced. The many-body analysis of these multi-hump solutions reveals that they are not condensed but multi-fold fragmented, see [22] for more details. In the asymmetric linear trap the four-hump density of N = 108 bosons depicted in Fig. 1d is formed by four contributing natural sub-fragments
The first fragment with n 1 = 52 bosons is localized at the trap minimum and forms the most intense hump. The left-most hump is formed by n 3 = 20 bosons residing in a well-localized third natural orbital. Two other humps at the right are formed by n 2 ≈ 27.6 and n 4 ≈ 8.4 bosons residing in the second and fourth natural orbitals which are slightly delocalized. In the harmonic trap and Sech-shaped interaction, see Fig. 1e , the three symmetric fragments carry 30, 48, and 30 bosons, respectively. In the non-harmonic trap a Gaussian interaction results in a two-fold fragmented ground state with 97.2 and 10.8 bosons per fragment, see Fig. 1f . Here it is worthwhile to stress that for weak repulsions the regime of normal condensation is, of course, recovered irrespective to the particular form of interactions, see [22] for more details.
The above observed diversity of the fragmentation is caused by the interplay between the inter-particle and trapping potentials. To distinguish and isolate effects originating from the range/width of the inter-particle interaction, particular shape of its tails and strength of the inter-particle repulsion let us consider a box-shaped trap and inter-particle interaction potential of a rectangular shape W (x−x ) = {1 : |x−x | ≤ D; 0 : otherwise}. In this system an increase of the strength of the inter-particle repulsion does not change neither the effective length of the trap nor the range of the inter-particle interaction potential.
The left panels of Fig. 2 show how the ground-state densities of the system made of N = 108 bosons with rectangular inter-particle interaction of half-width D = 3, trapped in a box-shaped trap of length L = 4, response when the repulsion strength is increased λ 0 = 0, 0.3, 0.6. We see that in the non-interacting case the density is broad and has a maximum at the trap center. The strong inter-particle repulsion, in contrast, leads to localization of the density at the edges of the box. Basic "electrostatic" arguments can explain this behavior. For strong repulsion it costs energy to keep the bosons in the middle of the trap, so, they repeal and push each other away -the cloud starts to form a minimum in the center of the trap. If we increase the repulsion further -the total energy is increased, but the system can not expand further apart due to the box-shaped topology of the trap.
To minimize the energy the density is split into two well-separated fragments.
The right panels of Fig. 2 present a complimentary study where we keep the inter-particle interaction λ 0 = 1.0, D = 3 fixed and increase the box size L = 5, 8, 15 providing, thereby, more room for the bosons. We see that starting from some critical length of the trap (box size), to minimize the repulsion the system of N = 108 bosons is split into three sub-clouds with 36 bosons per fragment. To split the system into four fragments with 27 bosons per subcloud one has to increase the trap's length further on. So, for strong enough inter-particle repulsions ground state fragmentation is an inevitable property of trapped bosonic systems.
The interplay between the width of the finite-range part of the inter-particle interaction function and the length of the trap defines the particular fragmentation scenario.
To get a deeper insight into the physics behind the fragmentation let us rely on an idealized picture of a two-fold fragmented state. The total density of such a state is formed by a sum of two isolated and independent sub-clouds (fragments). Its many-body wave-function is then a Fock state |n 1 , n 2 represented by a single symmetrized permanent Ψ(r 1 , . . . , r N ) =
with n L bosons residing in the left φ L and n R in the right φ R fragment, respectively. The optimal shapes of the fragments are determined self-consistently by solving the multi-orbital best mean-field (BMF) equations [24, 25] which we rewrite as (see [22] for details):
terms play the roles of effective self-consistent potentials -their profiles depend on a given shape of inter-particle function W (r−r ) and on the left/right densities 
It is constant over the extent of the φ L (x) fragment and, therefore, in the above BMF equations it just shifts the left-localized sub-cloud upwards energetically without changing its shape:
is dramatic -it induces the effective barrier. A superposition of this effective barrier and the external trap (box) is capable of confining the right sub-cloud φ R (x). Similarly, the action We have arrived here at a microscopic, self-consistent picture of self-induced fragmentation which requires as a prerequisite localized sub-clouds, finite-range inter-particle repulsion and a trap of a finite length. The action of a finite-range repulsive inter-particle potential on a cloud produces an effective barrier. The profile of this barrier depends on the density of the cloud, number of the particles in it and on the shape of W (r−r ). When several localized clouds/fragments are present each of them creates its own effective potential seen by the other sub-clouds as an effective barrier. The superposition of these self-induced barriers and external trap results in a multi-well potential confining the fragmented system as a whole object.
The multi-hump structure of the density is driven by the fragmentation phenomenon which has been observed experimentally [26, 27] and is well-understood theoretically [12, [28] [29] [30] . From this perspective, variations of shapes of W (r−r ) can modify the induced effective potentials and, thereby, the fragmentation in the following manner: a) by decreasing range of the inter-particle repulsion we increase the overlap between the fragments which reduces the fragmentation and leads to the development of coherence between them [31] ; b) by increasing strength of the inter-particle repulsion and keeping its range fixed we increase the heights of the induced barriers which isolates the fragments and enhances fragmentation; c)
by flattening the tails of the inter-particle interaction function one stimulates the overlap between the sub-clouds which melts the humps and blurs the fragmentation. The obtained geometrical picture of localized fragments and self-induced effective potentials is universal and can be applied to systems of bosons, fermions and distinguishable particles also at higher dimensions. In the left and right panels of Fig. 4 we plot illustrative numerical examples of almost ideal self-induced two-fold fragmented ground states of bosonic systems with N = 100 particles interacting via sharp repulsive Sech-shaped inter-particle potentials and confined in slightly elongated two-and three-dimensional harmonic traps.
Summarizing, we predict that the density of trapped repulsive ultra-cold bosons inevitably fragments into multi-hump structures to minimize strong inter-particle repulsion.
The physics behind is an interplay between classical "electrostatic" repulsion which pushes the bosons from the trap center towards its edges, provoking thereby the formation of multihump structures in the density, and quantum mechanics which governs loss of inter-hump coherence, i.e., fragmentation.
Finally, for experimental verification of the predicted phenomena with ultra-cold systems one needs that (i) the range of inter-particle interaction should be comparable with the length of trapping potentials; (ii) repulsive interaction should be strong enough. Both these requirements are already reachable within presently available technologies in dipolar ultracold atomic/molecular BECs trapped in tight optical traps and in trapped ultra-cold systems of "dressed" Rydberg atoms, see [22] for discussion.
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Supplementary Material
In this supplementary material we show how the Multi-Configurational Time-Dependent
Hartree for Bosons (MCTDHB) theory attacks time-dependent and static problems, and how the many-body theory boils down to the multi-orbital mean-field. These relations allow us to understand that the self-induced effective potentials V condensate is transforming to multi-hump fragmented state with an increase of the interparticle repulsion. Finally, we address the question whether it is possible to verify the predicted physics within presently available experimental setups.
MCTDHB equations-of-motion
The Multi-Configurational Time-Dependent Hartree method for Bosons (MCTDHB) is used to solve the time-dependent Schrödinger equation:
Here = 1 andĤ is the generic many-body Hamiltonian defined in the main text. The MCTDHB ansatz for the many-body wave-function Ψ(t) is taken as a linear combination of time-dependent permanents:
where the summation runs over all possible configurations whose occupations n = (n 1 , n 2 , n 3 , · · · , n M ) preserve the total number of bosons N . So, the Fock state |n 1 , n 2 studied in the main text is one of the terms in this sum. The expansion coefficients {C n (t)} and shapes of the orbitals {φ k (r, t)} are variational time-dependent parameters of the MCT-DHB method, determined by the time-dependent variational principle.
To solve a time-dependent problem means to specify an initial many-body state and to find how the many-body function evolves. The initial MCTDHB many-body state is given by initial expansion coefficients {C n (t = 0)} and by initial shapes of the orbitals {φ k (r, t = 0)}.
To determine their evolution one has to solve the respective governing equations which we list below. The equations-of-motion for expansion coefficients {C n (t)} read:
where H(t) is the Hamiltonian matrix with elements H n n (t) = n; t Ĥ n ; t .
The equations-of-motion for the orbitals φ j (r, t), j = 1, . . . , M are:
is the projector, ρ kq and ρ ksql are elements of the reduced one-and two-body density matrices available at every point in time from the many-body wave-function Ψ(t):
are local time-dependent potentials which we analyze later.
From time-dependent MCTDHB to static MCHB
Here we are interested in static solutions, i.e., in many-body eigenstates of the timeindependent Schrödinger equation. Within the MCTDHB theory they are obtained by
propagating the MCTDHB equations-of-motion in imaginary time. This procedure relaxes an initial state to an eigenstate, typically to the ground-state, and, thus, is called relaxation. To find many-body eigenstates of the time-independent Schrödinger equation, i.e., static solutions, one can boil down the full time-dependent MCTDHB theory to its timeindependent version -to Multi-Configurational Hartree for Bosons (MCHB) method [27] .
From mathematical point of view this is done by switching off all time-dependency in the respective equations of motion (S1, S2).
The equations-of-motion for the expansion coefficients Eq. (S1) are reduced to standard diagonalization procedure:
where E is the total energy corresponding to the eigenstate C. The static version of the equations-of-motion (S2) can be rewritten without projections:
where µ ji are scaled Lagrange multipliers introduced to ensure orthonormality of the orbitals (fragments) φ j (r). The optimal shapes of the now time-independent orbitals φ j (r), j = 1, . . . , M and optimal C have to be determined by solving the coupled system of Eqs. (S5, S6) self-consistently. and putting all other to zero. Physically it means that the many-body solution is assumed to be well-described by M separated sub-clouds (fragments) carrying n 1 , n 2 , n 3 , . . . , n M bosons.
Moreover, it also implies that there is no exchange of bosons between the fragments.
The multi-orbital mean field ansatz reads:
The MC(TD)HB equations-of-motions for the expansion coefficients Eqs. (S1, S5) become redundant, because we have only a single expansion coefficient. All off-diagonal elements of ρ kq and ρ ksql corresponding to the single-permanent state are zero, while the diagonal ones are known in advance ρ ii = n i , ρ iiii = n 2 i − n i and ρ ijij = ρ ijji = n i n j . The above facts considerably simplify the static equations-of-motion (S6) for orbitals φ j (r), j = 1, . . . , M :
one determines the optimal shapes of the fragments.
Role ofŴ sl (r, t)
The local potentialsŴ sl (r, t) defined in Eq. (S4) are generally complicated time-dependent objects which depend on inter-particle interaction and on shapes of the involved timedependent orbitals φ j (r, t), j = 1, . . . , M . However, in the static cases, see Eqs. (S6, S7), they become time-independent functions:
In the present study the mean-field physics dictates localization of the fragments φ j (r), j = 1, . . . , M at different places of the trap potential (see e.g. is expected to be universal and can be applied to all many-body systems.
Natural analysis of the many-body wave-functions
Having the MC(TD)HB(M ) many-body wave function |Ψ at hand we can analyze it.
The reduced one-body density matrix available from Eq. (S3) can be diagonalized:
The obtained eigenvalues n k and eigenvectors φ The natural orbital analysis is used to characterize the system: the system is condensed [S2] when only a single natural orbital has a macroscopic occupation and fragmented if several natural orbitals are macroscopically occupied [10] . Usually, one plots only the diagonal part ρ(r; t) ≡ ρ(r, r; t) often referred to as the density.
In Fig. S1 we plot the results of the natural analysis done for the ground state (static x ≥ 0}, studied in the main text. The ground-state density obtained from MCTDHB (4) solution has four well-pronounced picks/humps. The natural analysis applied shows that this density is formed by four contributing natural sub-fragments, i.e., ρ(r) =
In Fig. S1 the normalized densities of the natural fragments, Let us now show how an increase of the strength λ 0 of the inter-particle interaction modifies the ground state properties of the trapped systems. In Fig. S2 we plot the results of the natural analysis done for the ground state (static solution) of the same system as in Fig. S1 for several other values of λ 0 = 0.01, 0.1, 0.2. For weak interactions the normal condensation is of course recovered i.e., only single natural orbital is macroscopically occupied n 1 ≈ 100%. However, for stronger repulsive finite-range interactions to minimize the total energy the density profile develops multi-hump structures and the systems become multi-fold fragmented. For λ 0 = 0.1 two-fold (two-hump) fragmented state is formed by two localized fragments with n 1 ≈ 91.1% (left) and n 2 ≈ 8.9% (right) bosons correspondingly.
For λ 0 = 0.2 three localized fragments with n 1 ≈ 61.2% (center), n 2 ≈ 24.9% (right) and n 3 ≈ 13.9% (left) form three-fold (three-hump) fragmented state.
For comparison we compute the ground state for the same systems but with a pure contact inter-particle interaction W (R) = δ(x − x ). In all the presented cases, i.e., λ 0 = 0.01, 0.1, 0.2, 0.3 the systems with contact interaction are essentially condensed and have single-hump densities. The condensed fraction of the system with N=108 bosons and λ 0 = 0.3 is n 1 ≈ 98.9%. For smaller λ 0 the condensed fractions are even larger.
On possible experimental realization of the predicted phenomena
To observe the predicted effects the first necessary condition is that the length/range of the inter-particle interaction should be comparable with the length of trapping potentials.
The second necessary condition is that the interaction should be strong enough. There are at least two generically different ultra-cold systems where one expects to observe the formation of few-hump fragmented ground states: the dipolar condensates made of atomic or molecular species with non-zero electric/magnetic moments and ultra-cold systems made of Rydberg-dressed atoms [10, 11, S3] Let us first consider the dipolar condensates. The dipolar systems apart from the longrange dipole-dipole interaction (DDI) also posses a residual contact contribution, so, in this respect, the main obstacle in the preparation of a strongly interacting dipolar system is the contact term. However, luckily, the short-and long-range terms do originate to different physics and, hence, can be individually manipulated. It was proposed to use the famous Feshbach-resonance technique to demolish the contribution of the short-range terms, providing thereby opportunity to study pure dipolar systems. The interaction between two polarized (oriented) dipoles reads: is the dielectric permittivity of classical vacuum, µ B = 9.27400968 × 10 −24 JT −1 is the Bohr magneton.
To connect these "real" inter-particle interaction potentials Eq. (S9) to "dimensionless" ones used in the main text we introduce a change of the variablesr i = r i l ω . Here l ω = mω is the length of the external harmonic trap of frequency ω associated with the size of the harmonic oscillator ground-state wave function, m -the mass of a trapped particle.
This change of variables rescales the HamiltonianĤ/( ω) and respective kinetic energy
, single-particle trapping potential mω 2r
, and, the inter-particle interaction
Here Concluding, the predicted multi-fold fragmented states can, in principle, be observed within presently available technologies in dipolar ultra-cold atomic/molecular BECs trapped in tight optical traps.
Let us now consider the opportunity to realize the predicted multi-hump muti-fold fragmented physics in Rydberg-dressed systems. The off-resonant optical coupling of ground state atoms to highly excited Rydberg states [10, 11] allows to modify and control the shape and strength of effective two-body interactions. The advantage of this technique is that a small component of the Rydberg state is admixed to the ground state of atoms, providing thereby an additional degree of manipulation of the interaction strength. The shape of the potential energy of the two many-electron atoms excited to a Rydberg state depends very much on details of the electronic structure. The most common long-range behavior, however, is of a standard Van der Waals (C 6 /R 6 ) type with possible admixture of terms of other degrees, e.g., a pure dipole interaction (C 3 /R 3 ). These additional contributions are responsible for the tails of the interaction potentials. The "dressing" of two Rydberg atoms with van der Waals type of interaction results Refs. [10, 11] in a two-body effective inter-particle 
A change of variablesr i = r i l ω allows us to rewrite it in the units of external confining potential l ω = mω as:
where λ 0 = Ω 4 (2∆) 3 1 ω is the rescaled interaction strength and D = R c . In the present study we have used a similar one-dimensional inter-particle interaction λ 0 / ( 8∆ 3 ratio and can be tuned between 0.1-10 kHz, implying that in a 100 Hz trap the corresponding dimensionless interaction strength λ 0 = Ω 4 (2∆) 3 1 ω can be ∼ 1-100. So, formally, the lengths/ranges and interaction strength needed to observe the predicted multi-hump muti-fold fragmented states are already reachable with ultra-cold "dressed" Rydberg atoms.
Finally, the results discussed in this work have been nicely explained at the multi-orbital mean-field level in terms of self-induced effective barriers. This also implies that the underlying physics is defined not by a strong interaction strength λ 0 between individual particles but, rather, by the λ 0 N interaction mean-field parameter (also known as non-linearity). So, the interesting physics of the multi-hump fragmented states reported and presented in this study for N = 108 bosons can, in principle, be also realized in the systems with larger particle numbers and weaker inter-particle interactions.
